In this paper, we consider a pricing decision problem with two competing supply chains which distribute differentiated but competing products in the same market. Each chain can be vertically integrated or decentralized based on the choice of the manufacturer. The manufacturing costs, sales costs and consumer demands are characterized as uncertain variables, whose distributions are estimated by experienced experts. Meanwhile, uncertainty theory and game theory are employed to formulate the pricing decision problems. The equilibrium behaviors (how the supply chain members make their own pricing decisions on wholesale prices and retailer markups) at operational level under three possible scenarios are derived. Numerical experiments are also given to explore the impacts of the parameters' uncertain degrees on supply chain members' pricing decisions. The results demonstrate that the supply chain uncertain factors have great influences on equilibrium prices. In addition, we also evaluate the effects of competing intensity (substitutability) of the two products on the strategy behaviors, vertically integrated channel strategy versus decentralized strategy, of the manufacturers. It is found that the manufacturers are better off to distribute their products through a decentralized channel rather than an integrated one when the substitutability is greater than some value. Besides, the uncertain factors in the supply chain might reduce the value contrast to the one in deterministic case. Some other interesting managerial highlights are also provided in this paper.
Introduction
In this paper, we investigate a pricing competition problem in some special competing supply chains in which differentiated but substitutable products are sold into the same market. These competing supply chains often consist of only a few upstream manufacturers, each of which distributes its products through exclusive downstream outlets who usually carry only one product line. This exclusive dealership is not uncommon in industries like petrol, automobiles, some electronic products, softdrinks, fastfoods, and so on. For instance, a petrol gas station often retails gasolines from some certain oil producer, and a 4S store usually carries some certain car brand or cars from a specific manufacturer. For convenience, we use "manufacturer" to represent the upstream firm and "retailer" to the downstream channel participant in the following discussion.
Motivation
Nowadays, hi-tech products, e.g., digital devices, are often updated quickly. The demands and costs of these products, especially of new products, are usually with no historical data. Even though sometimes the historical data may be available, it may not be applicable due to the highly changeable markets. In these cases, we have to rely on belief degrees given by experienced managers and experts. Surveys have indicated, however, that human beings usually estimate a much wider range of values than they actually take. Therefore, human belief degree should not be treated as random variable or fuzzy variable. When some indeterminate phenomena, expressed by human language like "approximately 4000" or "high costs", behave neither randomness nor fuzziness, uncertainty theory, initiated by Liu [1] and refined by Liu [2] based on normality, duality, subadditivity, and product axioms, is a legitimate approach to dealing with circumstances where only belief degree is available.
This paper focuses on the pricing decisions of the two substitutable products distributed by two totally separate supply chains. More specially, the products' demands and costs are characterized as uncertain variables whose distributions are estimated by belief degrees. How should the supply chain members make their own pricing decisions on wholesale prices and retailer markups with uncertain demands and costs? What effects might the parameters' uncertain degrees (decided by the available information and experts' preference) have on supply chain members' pricing decisions? How do uncertainties and competing intensity (substitutability) between the two products affect the duopoly manufacturers' strategy behaviors, in vertically integrated channel structures versus decentralized structures?
In order to cover these problems, uncertainty-theory-based and game-theory-based models are employed to derive the optimal equilibria in different scenarios. Numerical experiments are also given to explore the effects and strategies.
Literature Review
By now, considerable attentions have been focused on the pricing competition in totally separate chains as mentioned both from scholars and practitioners. McGuire and Staelin [3] initiated the research and investigated the effects of the substitutability on the structure strategies in duopoly supply chains where each manufacturer distributes its goods through a single exclusive retailer. Coughlan [4] tested results that integration of the marketing functions results in greater pricing competition and lower prices than the use of independent marketing middlemen by survey data from the international semiconductor industry. Recently, Anderson and Bao [5] extended the model of Coughlan [4] from two entirely separate chains to a more general context with arbitrary competing supply chains, and also demonstrated that the underlying market shares play a very important role on the equilibrium behaviors. Li and Li [6] studied the two sustainable supply chains under competition in product sustainability under different structures.
The work above has typically focused on deterministic demands and costs. In fact, the real world has many indeterminate factors which cannot be ignored when making pricing decisions. Those indeterminacies, such as material costs, customer incomes, workers' expenses and technology improvements, usually affect the manufacturing costs and consumer demands. Some of them can be described as random variables if we can attain accurate distributions. Therefore, Xiao and Yang [7] studied a price and service competition of two supply chains with risk-averse retailers under stochastic demand. They also analyzed the impacts of the retailer's risk sensitivity on the manufacturers' equilibrium strategies. Wu et al. [8] considered a joint pricing and quantity competition between two separate supply chains in random environment and explored the effect of randomness on the equilibrium behaviors of the supply chain members. Shi et al. [9] utilized a game-theory-based framework to formulate the power in a supply chain and examined how power structure and demand indeterminacy affect supply chain members' performances. Mahmoodi and Eshghi [10] studied this pricing problem in duopoly supply chains with stochastic demand and explored the effect of competition and demand indeterminacy intensity on the equilibrium of the structures by a numerical example.
In addition, the others can be described as fuzzy variables if we cannot estimate the accurate distributions due to the complicated and changeable environments. Fuzzy set theory has been introduced to the pricing decision game recently. Zhou et al. [11] considered the pricing decision problem in supply chains composed of a manufacturer and a retailer under fuzzy environment. Zhao et al. [12, 13] studied the pricing problem of two substitutable products in supply chains with different structures, in which the consumer demands and manufacturing costs are described by fuzziness. Following that, Zhao et al. [14] added the manufacturer service to the pricing problem in a two-echelon fuzzy supply chain, in which two competitive manufacturers supply two substitutable products to one common retailer. Liu and Xu [15] and Ke et al. [16] studied the pricing problem of one product in a fuzzy supply chain consisting of one manufacturer and two competitive retailers.
To the best of our knowledge, there are little researches on the supply chain pricing decision problems with indeterminate factors behaving neither randomness nor fuzziness. Differing from the literature above, this paper addresses the pricing equilibrium under circumstances where only belief degree is available by applying uncertainty theory. Nowadays, uncertainty theory has been well developed in many aspects, such as uncertain set [17] , uncertain differential Eq. [18] , uncertain sequence [19] , etc. Besides, the new theory has been successfully applied to deal with many uncertain decision-making problems, e.g., option pricing [20, 21] , portfolio selection [22] , facility location [23] , differential games [24] , project scheduling problem [25] [26] [27] [28] [29] , supply chain pricing problem [30, 31] and network problem [32] . Specially, Huang and Ke [33] studied a pricing decision problem in supply chain with duopoly manufacturers and a common retailer, and explored the pricing decisions with three different power structures under uncertain environment by applying uncertainty theory and game theory. Different from the literature above, this paper considers a pricing problem in two totally separate supply chains and focuses on pricing decisions with uncertainty at both operational level and strategy level.
For simplicity of analysis, we restrict our research on a pricing problem between two manufacturers, each of which distributes its product through a single exclusive retailer. The manufacturers can choose integrated strategy of distributing their products through a company store (owned by the manufacturer) or through an independent retail outlet (privately owned). The manufacturers are often much larger than the retailers, hence the retailers have little power on the wholesale prices. If the manufacturer chooses an independent retailer, it may lose control of the sales price. Consequently, the manufacturers with dominant power choose the wholesale prices while the retailers decide the retail prices by adding some margins (markup prices). Specifically, the manufacturing costs, sales costs and demands are characterized as uncertain variables whose distributions are estimated by experienced managers' or marketing experts' belief degrees. Meanwhile, Stackelberg and Bertrand models are employed to formulate the pricing decision problems at operational level. We then derive the equilibrium prices and profits in the three possible structures from the models. Numerical experiments are also provided to illustrate the effects of the uncertain degrees of the parameters on the supply chain members' pricing decisions and strategy behaviors.
The remainder of this paper is organized as follows: Introductions of uncertainty theory and uncertain programming model are presented in Section "Preliminaries". Following that, some useful notations and necessary assumptions are discussed in Section "Problem Description". Three models are employed to derive the equilibria under three possible scenarios in Section "Models and Solution Approaches". Afterwards, in Section "Strategy Decision Analysis", numerical experiments are applied to demonstrate the effectiveness of the models and then examine the impacts of uncertain degrees and competing intensity on equilibrium behaviors both at operational level and strategy level. Some management highlights and conclusions are discussed in "Conclusions" section.
Preliminaries
In this section, we will introduce some important concepts and theorems of uncertainty theory for modeling the pricing decision problem with human belief degree. Let be a nonempty set and L a σ -algebra over . Each element in L is called an event. 
Axiom 3 (Subadditivity Axiom) For every countable sequence of events
Besides, the product uncertain measure on the product σ -algebra L was defined by Liu [34] as follows: 
is an event.
Definition 3 Liu [34]
The uncertain variables ξ 1 , ξ 2 , · · · , ξ n are said to be independent if
Sometimes, we should know uncertainty distribution to model real-life uncertain optimization problems.
Definition 4 Liu [1] The uncertainty distribution of an uncertain variable ξ is defined by
An uncertainty distribution is referred to be regular if its inverse function −1 (α) exists and is unique for each α ∈[ 0, 1].
Lemma 1 Liu [2]
Let ξ 1 , ξ 2 , · · · , ξ n be independent uncertain variables with regular uncertainty distributions 1 , 2 , · · · , n , respectively. If the function f (x 1 , x 2 , · · · , x n ) is strictly increasing with respect to x 1 , x 2 , · · · , x m and strictly decreasing with respect to
is an uncertain variable with inverse uncertainty distribution
Definition 5 Liu [1] Let ξ be an uncertain variable. The expected value of ξ is defined by
provided that at least one of the above two integrals is finite.
Lemma 2 Liu [2] Let ξ be an uncertain variable with uncertainty distribution . If the expected value exists, then
E[ ξ ] = +∞ 0 (1 − (x))dx − 0 −∞ (x)dx.
Lemma 3 Liu [2] Let ξ be an uncertain variable with regular uncertainty distribution . If the expected value exists, then
and its inverse uncertainty distribution is
The expected value can be attained
Example 2 The zigzag uncertain variable ξ = Z(a, b, c) has an uncertainty distribution
Thus, its expected value is as follows:
is strictly increasing with respect to x 1 , x 2 , · · · , x m and strictly decreasing with respect to (6) provided that the expected value E[ ξ ] exists.
Example 3 Let ξ and η be two positive independent uncertain variables with regular uncertainty distributions and , respectively. Then, we have
Uncertain programming, as a type of mathematical programming involving uncertain variables, was initiated by Liu [36] . The general form of uncertain programming is shown as follows:
where x is a decision vector, ξ is an uncertain vector of parameters, E[ f (x, ξ )] means the expected value of the objective function while
, is a set of chance constraints.
With the above concepts and lemmas, we can model the pricing decision problem in uncertain environments.
Problem Description
We restrict our research on two entirely separate supply chains which distribute differentiated but competing products to the same market. The channel structures are either vertically integrated or decentralized based on the strategies of the manufacturers. As shown in Fig. 1 , each manufacturer can employ one retailer per market area to retail its products (Decentralized Strategy); or it can distribute its products to consumers directly using its own company store (Integrated Strategy). It is assumed that the manufacturers perform as a Stackelberg leader in each chain (in the case of decentralized strategy) but there is no dominant power between the two supply chains.
The ith manufacturer (M 1 or M 2 ) produces product i at unit cost c i and wholesales the product to a specified retailer R i , i = 1, 2. Then the retailer sells the product to consumers with unit sales cost s i . The manufacturer chooses the wholesale price w i while the retailer decides the sales price p i = w i + r i by adding some margin (markup price r i ) to the wholesale price. The consumers are price sensitive and the demand functions are described as follows: In this paper, we merely explore two separate supply chains, and then the demand function can be simplified as follows:
where d i is the market base, δ denotes the price-sensitivity of the consumers, γ is the substitutability of the two products and p i is the sales price of product i. Note that changes in d i alter the relative product preferences. Let β = δ + γ . The above function can be rewritten as
This linear demand function is widely applied in supply chain management [5, 37, 38] . Due to the complicated and changeable environment, the price elastic coefficient cannot be estimated precisely. In many instances,β andγ can be characterized as uncertain variables.
The notations are listed as follows: 
Assumption 1 Because the product demand should be more sensitive to changes of its price than to changes of the other product, it is assumed that the elastic coefficientsβ and
γ satisfy E[β] > E[γ ] > 0, M{β < 0} = 0, and M{γ < 0} = 0.
Assumption 2 All the uncertain coefficients are assumed nonnegative and mutually independent.

Assumption 3 (Full information) The manufacturers and retailers have same information and estimations on the demands and the costs of other channel members.
Assumption 4 (Risk neutral) It is assumed that all the channel members are risk neutral and desire to maximize the expected profits.
Because the costs cannot exceed the retail price and markup, and the demands are always positive, then we have the following assumption.
Assumption 5 (Positive assumption) It is assumed that the costs cannot exceed the retail price and markup, and the demands are always positive, shown as follows:
Letc i ,s i ,d i ,β andγ be positive independent uncertain variables with regular uncertainty distributions c i , s i , d i , β , and γ . For simplicity, we define
where −1 a and
b are the inverse uncertainty distributions of uncertain variablesã and b, respectively. 
Proposition 1 If Assumption 5 holds, the expected profits of the participants can be transformed as follows:
Then
In the same way, we can get the crisp forms of the expected profit functions π r i in Proposition 1, i = 1, 2.
Models and Solution Approaches
In this section, the uncertain programming models based on Stackelberg and Nash game theory are employed to derive the equilibrium prices in different channel structures.
Decentralized Structure (DD)
In the first case, both the chains are decentralized and the competition becomes a four-members game. The detailed decision sequence is as follows: The two Stackelberg manufacturers simultaneously announce their wholesale prices w i to maximize their own profits allowing for the retailers' optimal responses. Then, the two retailers, performing as followers, non-cooperatively choose the markup pricing schemes or unit sales commission r i , respectively, to maximize their own profits conditional on the other retailer's decision. Then, the retail prices are decided as p i = w i + r i , i = 1, 2, as well as the sales quantities. It is assumed that the manufacturers and retailers are risk neutral and desire to maximize their expected profits.
To solve this Nash-Stackelberg-Nash game model, opposite to the decision sequence, we should derive the Nash equilibrium in the lower level for the given wholesale prices w 1 and w 2 specified by the manufacturers in advance.
Referring to the expected value functions of the retailers with the given wholesale prices, we can get
with the assumption that
Hence, π r 1 and π r 2 are concave in r 1 and r 2 , respectively. Then we can get the Nash equilibrium by setting the first-order derivatives equaling 0 as follows:
The followers' optimal responses to (w 1 , w 2 ) can be easily obtained by solving the above two equations as follows:
Given the two retailers' optimal responses, substituting Eq. (17) into the profit functions of the manufacturers, we obtain
where
Referring to Eq. (18), we can obtain the second-order derivatives of the equivalent objective functions π m i as follows:
Hence, by differentiating π m i and equating the expressions to 0, we have
and the leaders' equilibrium prices (w 1 , w 2 ) can be easily obtained by solving the above two equations
Then, we can get the equilibrium prices of the two retailers as follows:
Mixed Structures (DI and ID)
The second possible structure is that one chain is vertically integrated and the other chain is decentralized. The integrated one can be seen as a manufacturer who retails its product directly or a retailer who purchases products from its own factory (the wholesale price is the manufacturing cost).
In this scenario, the number of the competitors reduces to three, stated as independent manufacturer (M 1 ), independent retailer (R 1 ) and integrated "manufacturer" (or integrated "retailer") (M 2 ). The detailed decision sequence is as follows: the integrated "manufacturer" and the independent manufacturer simultaneously announce the retail or wholesale prices to maximize their own profits conditional on the retailer's response. Then the retailer chooses the most profitable markup. It is assumed that all the competitors are risk neutral, then the following model can be applied.
subject to:
Thus, for the given wholesale price w 1 and the retail price p 2 , the optimal response of R 1 in the decentralized chain should be derived firstly. Given (w 1 , p 2 ) , the profit function of R 1 is as follows:
Because the second-order derivative
equating its first-order derivative to 0, we have
With the optimal response of the Stackelberg follower r * 1 (w 1 , p 2 ), the Nash-Stackelberg equilibrium of the two manufacturers can be obtained. Substituting r * 1 (w 1 , p 2 ) from Eq. (22) into the profit functions, we have
Differentiating these two functions, we have
With the assumption that
Therefore, we can get the Nash equilibrium by setting the first-order derivative functions Eq. (24) equaling 0 as follows:
Pure Integrated Structures (II)
When both of the supply chains are vertically integrated, each distributes its product to consumers through its own channel directly, and then the competition between the two integrated manufacturers becomes a Nash (Bertrand) game.
Similar to the solution approach mentioned in the other models, we should get the crisp form of the uncertain objective functions first.
From Eq. (27), we can get that the second-order derivatives of the objective functions
We can obtain the Nash equilibrium by setting the first-order derivatives equaling 0:
The solution can be obtained as follows:
Strategy Decision Analysis
Because of the complicated form of the equilibrium prices and expected profits, numerical examples rather than analytical comparisons are conducted to explore the effect of the uncertain degrees of the costs and demands on equilibrium prices. Without loss of generality of the conclusion, a series of experiments are conducted. As the results from different experiments are somewhat coherent, we present only one of them in this part.
Consider the case from Zhao et al. [12] that both the unit manufacturing costs are between 7 and 10, and most likely 8, the sales costs are between 2 and 5, and most likely 4, the market bases of the two products are both about 800, the elasticity coefficientβ is about 80 andγ is about 50. These linguist estimations can be denoted as uncertain variables with distributions shown in Table 1 .
According to Lemma 4, we have
Similarly, we can get that the values of E[c Note that E[s
. Different from independent random variables, the expected value of the product of two uncertain variables does not only depend on the expected value of each variable, but also on their distributions. Thus, the distributions of the uncertain parameters may have great influences on the pricing decisions. One may concern that how the uncertainty of the parameters affects the pricing decisions in operational level and the channel structure decisions in strategy level. The uncertainty or uncertain degree, defined by the distributions or ranges of uncertain variables which mainly depends on experts' personal knowledge and also the accessibility and availability of the information concerning the uncertain parameters. More information about the parameters is available, more accurate estimations the experts can make, and consequently, distributions with smaller ranges can be attained and the uncertain degrees of the parameters will become lower. These results below can help the managers understand more about the pricing decisions with limited information and also help them make decisions in strategy level.
Effects of Uncertain Degrees on Pricing Decisions
First of all, we analyze the effects of the uncertain degrees of price elastic coefficientsβ,γ , the manufacturing costsc 1 ,c 2 and sales costss 1 ,s 2 on optimal pricing decisions under the three possible structures. By varying the uncertain degrees of these parameters and keeping the other parameters unchanged, the changes of optimal prices are shown in Tables 2, 3 , 4, 5, 6, and 7. Referring to Table 2 , we can find when the uncertain degree of parameterβ increases, the markup prices and retail prices will increase slightly while the wholesale prices will drop slightly in the pure decentralized structure. The wholesale price, markup price and retail price of the decentralized chain increase as well as the retail price of the integrated chain in the mixed structure. The retail prices of the pure integrated structure will decrease when the uncertain degree decreases.
Referring to Table 3 , we find that the uncertain degree of the parameterγ has no impact on the price decisions in the pure decentralized and integrated structures. The participants in the mixed structures, however, either in the decentralized chain or integrated chain, pursue higher prices when the uncertain degree increases.
Referring to Tables 4 and 5: • The wholesale price, markup price and retail price will increase while the markup price of the retailer in the other chain will drop when the uncertain degree of the manufacturing cost increases in the pure decentralized structure.
• The retail price in the pure integrated structure as well as the price in the other chain will decrease when the uncertain degree of the manufacturing cost decreases.
• The manufacturer in the decentralized chain will choose a lower wholesale price, which in turn leads to a lower retail price when the uncertain degree of its manufacturing cost increases.
From Tables 6 and 7: • The wholesale price, markup price, and retail price will increase when the uncertain degree of the sales cost increases while the wholesale price of the manufacturer in the other chain will drop in the pure decentralized structures.
• The wholesale price, markup price, and retail price in the mixed structure will drop slightly when the uncertain degree of the sales cost decreases, either in the decentralized chain or integrated chain. Table 4 Effects of manufacturing costs' uncertain degrees on the prices under the pure decentralized and integrated structures
• The sales price in the pure integrated structure will decrease with the decrease of the uncertain degree of the sales cost as well as the price in the other chain.
The other numerical examples show the same results with the above one. Similar to the numerical experiments above, more experiments can also be conducted to explore the impacts of uncertain degrees of the other parameters on the prices and profits of the two supply chains.
Equilibrium Analysis of Structure Strategies
In this part, we explore what effects the uncertain degree of the market bases and competing intensity of the two products might have on the structure of the two competing supply chains.
In consideration of the equilibrium expected profits of the manufacturers at operational level under different structures and competing intensities, we can examine whether there is any economic incentive for a manufacturer to switch from integrated structure (I) to decentralized structure (D) in an industry where a pure decentralized structure is more profitable than a pure vertically integrated structure. A point which should not be neglected is that the expected profits are not comparably attained from different intensities, but we can only contrast the expected profits in different structures with the same competing intensities.
In the experiments, the price elasticity coefficientsβ andγ degenerate to crisp numbers, and the other data keep the same with the above experiments. Let β remain unchanged as 80 and vary γ from 0 to 80, i.e., the competing intensity θ = γ β varies from 0 to 1. The results attained from the above three models in different scenarios are shown in Fig. 2 . From Fig. 2 , the following results are obtained:
• If θ ≤ θ 1 , both the manufacturers will choose vertically integrated channel structure.
Therefore, the two manufacturers can reach a Nash equilibrium in the strategy level by keeping vertically integrated.
• For θ 1 < θ < θ 2 , even though a pure decentralized structure can make the two manufacturers more profitable, the equilibrium of the two manufacturers is to keep in line with the real-life problem. Meanwhile, uncertainty theory and game-theory-based models were employed to formulate the pricing decision problems. The equilibrium behaviors of the participants at the operational level under three possible scenarios are derived from these models.
Numerical experiments were also given to explore the impact of uncertain degree of the parameters on the pricing decisions. The results demonstrated that these supply chain uncertain factors have great influences on the decision makers and sometimes they choose higher prices while sometimes they decide lower ones when the uncertain degree increases. In addition, We also illustrated the effects of competing intensity (substitutability) of the two products on the strategy behaviors in vertically integrated structure versus decentralized structure, of the manufacturers. It was found that the manufacturers are better off to distribute their products through a decentralized channel rather than an integrated one if the products are highly competitive. Specially, the uncertain environment will reduce the competition and increase some specific value of the competing intensity of the products, higher than which the duopoly manufacturers are better off to choose decentralized. Fig. 3 The equilibrium competing intensity in uncertain and deterministic environments This paper focused on only one type of indeterminacy, while the real world might behave more complicated in which randomness and uncertainty might co-exist. Therefore, one possible extension of this paper is to study the pricing problem with twofold indeterminacy, in which uncertain random variable can be applied. In addition, this paper only considered the dealership structures, and future researches can be focused on some more complicated channel structures, containing multiple manufacturers and retailers. Besides, this paper assumed that all the participants are risk neutral while the decisionmakers may be risk sensitive in the real world. The research can be more applicable if the equilibrium behaviors with risk-sensitive members are considered. 
